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Abstract. The use in the action integral of a volume element of the form
ΦdDx, whereΦ is a metric-independent measure density, can yield new in-
teresting results in all types of known generally coordinate-invariant theories:
(1) 4-D theories of gravity plus matter fields; (2) reparametrization invariant
theories of extended objects (strings and branes); (3) supergravity theories. In
case (1) we obtain interesting insights concerning the cosmological constant
problem, inflation and quintessence without the fifth force problem. In case (2)
the above formalism leads to dynamically induced tension and to string models
of non-abelian confinement. In case (3), we show that the modified-measure
supergravity generates an arbitrary dynamically induced cosmologicalconstant.

PACS codes: 11.25.-w, 04.70.Bw, 04.50.-h

1 Introduction

In Refs. [1, 2] we have studied a new class of gravity theoriesbased on the
idea that the action integral may contain a new metric-independent measure of
integration. For example, inD = 4 space-time dimensions the new measure
density can be built out of four auxiliary scalar fieldsϕi (i = 1, 2, 3, 4):

Φ(ϕ) =
1

4!
εµνκλεijkl∂µϕ

i∂νϕ
j∂κϕ

k∂λϕ
l . (1)

Φ(ϕ) is a scalar density under general coordinate transformations. Here we will
discuss three applications:

• (i) Study ofD = 4-dimensional models of gravity and matter fields con-
taining the new measure of integration (1), which appears tobe promising
candidates for resolution of the dark energy and dark matterproblems, the
fifth force problem,etc.
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• (ii) Study of a new type of string and brane models based on employing
of a modified world-sheet/world-volume integration measure. It allows
for the appearance of new types of objects and effects like, for example, a
spontaneously induced variable string tension.

• (iii) Studying modified supergravity models. Here we will find some out-
standing new features: (a) the cosmological constant arises as an arbitrary
integration constant, totally unrelated to the original parameters of the ac-
tion, and (b) spontaneously breaking of local supersymmetry invariance.

2 Gravity and Cosmology Two Measures Theory

. We consider action principle of the following general form:

S =

∫
L1Φd

4x+

∫
L2

√−gd4x , (2)

including two LagrangiansL1 andL2 and two measures of the volume elements
(Φd4x and the standard one

√−gd4x, respectively). In constructing field theory
with the action (2) we make only two basic additional assumptions:

(A) L1 andL2 are independent of the measure fieldsϕi. Then the action
(2) is invariant under volume-preserving diffeomorphismson the target
space of the latter [1]. Besides, it is invariant (up to an integral of a total
divergence) under the infinite-dimensional group of shiftsof the measure
fieldsϕi: ϕi → ϕi + f i(L1), wheref i(L1) is an arbitrary differentiable
function of the Lagrangian densityL1.

(B) We proceed in the first-order formalism where all fields, including
the metricgµν (or the vierbeinseaµ), connection coefficients (or spin-
connectionωµab) and the measure fieldsϕi area priori independent dy-
namical variables. All the relations between them follow subsequently as
a result of the equations of motion.

The field theory based on the listed assumptions we call “Two Measures Theory”
(TMT). It turns out that the measure fieldsϕi affect the theory only via the
ratio of the two measure densitiesχ ≡ Φ/

√−g, which is a scalar field. It
is determined by a constraint in the form of an algebraic equation, which is
precisely a consistency condition of the equations of motion. This constraint
determinesχ in terms of the fermion density and scalar fields.

By an appropriate change of the dynamical variables, consisting of a conformal
rescaling of the metric and a multiplicative redefinitions of the fermion fields,
one can formulate the theory as a model in a Riemannian (or Riemann-Cartan)
space-time. The corresponding conformal frame we call “theEinstein frame”.
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We have started a detailed study of gravity-matter models with a general form
for L1 andL2 such that the action (2) possesses both non-Abelian gauge sym-
metry as well as scale symmetry. For brevity, in a schematic form L1 can be
represented as (κ2 = 8πGN ,GN – Newton constant):

L1 = eαφ/Mp

[ 1

κ2
R(ω, e)− 1

2
gµνφ,µφ,ν

+ (Higgs) + (gauge) + (fermions)
]

(3)

and similarly forL2 (with different choice of the normalization factors in front
of each of the terms). Varying w.r.t.ϕi and assumingΦ 6= 0, we get:

L1 = sM4 = const , (4)

wheres = ±1 andM has dimension of mass. The appearance of a nonzero
integration constantsM4 spontaneously breaks the scale invariance[2].

When including terms quadratic in the scalar curvatureR(ω, e), these types of
models can be applied not only for the late time universe, butalso for the early
inflationary epoch. As it has been demonstrated in Ref. [3], asmooth transition
between these epochs is possible in these models. Also, these type of models
provide the possibility of a non-singular “emergent” type cosmology, where the
existence and stability of singularity free universe imposes an upper bound on
the cosmological constant today; for a review, see Ref. [4].

3 Extended objects

Extended objects’ actions can be formulated using a modifiedmeasure analo-
gous to (1). For simplicity we review here only the string case, where on the
2-dimensional world-sheet we introduce:

Φ(ϕ) =
1

2
εabεij∂aϕ

i∂bϕ
j . (5)

In Ref. [5] we have proposed the following modified-measure string action:

Smstring = −1

2

∫
d2σΦ(ϕ)

[
γab∂aX

µ∂bX
νgµν −

εab√−γ Fab
]
, (6)

whereFab = ∂aAb − ∂bAa with Aa(σ) being an auxiliary abelian world-sheet
gauge field. Its presence is crucial for consistency of the modified-measure string
dynamics. Note that adding this term to the standard Polyakov-type string action
(Φ(ϕ) → √−γ in (6)) would make it a purely topological (total divergence)

term
1

2

∫
d2σ εabFab.
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The action (6) is Weyl-conformally invariant under conformal rescaling of the
world-sheet metricγab → γ′ab = Jγab combined with a diffeomorphism on the
ϕi-target spaceϕi → ϕ′ i = φi(ϕ) with a Jacobiandet ‖∂φi/∂ϕj‖ = J .

The equation of motion obtained from variation of (6) w.r.t.Aa is
εab∂a(Φ/

√−γ) = 0, which yields aspontaneously induced string tension
T = Φ/

√−γ = const. The string tension appears here as an integration con-
stant and does not have to be introduced from the beginning. Let us stress that
the string theory action (6) does not have anyad hocfundamental scale param-
eters.

Variation of (6) w.r.t. the measure fieldsϕi yields a fundamental constraint of
the theory:

gab∂aX
µ∂bX

νgµν −
εab√−γ Fab = M , M = const , (7)

which allows forFab to be expressed in terms of the basic string variables. Con-
sistency of the whole set of equations of motion demandsM = 0, so that finally
we obtain the same equations as in the standard bosonic string theory, however,
with a dynamically induced “floating” string tensionT = Φ/

√−γ.

The above modified-measure formalism can be applied to the Green-Schwarz
superstring. As shown in Ref. [5] the world-sheet gauge fieldAa plays crucial
role for ensuring supersymmetry invariance of the modified-measure superstring
theory.

4 Supergravity with Dynamically Induced Cosmological Cons tant

The ideas and concepts of two-measure gravitational theories [1,2] may be com-
bined with those originating from the theory of string and branes with dynamical
generation of string/brane tension [5] to consistently incorporate supersymmetry
in the two-measure modification of standard Einstein gravity. Here for simplic-
ity we will present the modified-measure construction ofN = 1 supergravity in
D = 4. For a recent account of modern supergravity theories and notations, see
Ref. [6].

The standard component-field action ofD = 4 (minimal)N = 1 supergravity
reads:

SSG =
1

2κ2

∫
d4x e

[
R(ω, e)− ψ̄µγµνλDνψλ

]
, (8)

e = det ‖eaµ‖ , R(ω, e) = eaµebνRabµν(ω) . (9)

Rabµν(ω) = ∂µωνab − ∂νωµab + ωcµaωνcb − ωcνaωµcb . (10)

Dνψλ = ∂νψλ +
1

4
ωνabγ

abψλ , γµνλ = eµae
ν
b e
λ
c γ

abc (11)
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where all objects belong to the first-order “vierbein” (frame-bundle) formalism,
i.e., the vierbeinseaµ (describing the graviton) and the spin-connectionωµab
(SO(1, 3) gauge field acting on the gravitinoψµ) area priori independent fields
(their relation arises subsequently on-shell);γab ≡ 1

2

(
γaγb − γbγa

)
etc. with

γa denoting the ordinary Dirac gamma-matrices. The invariance of the action
(8) under local supersymmetry transformations:

δǫe
a
µ =

1

2
ε̄γaψµ , δǫψµ = Dµε (12)

follows from the invariance of the pertinent Lagrangian density up to a total
derivative:

δǫ

(
e
[
R(ω, e)− ψ̄µγµνλDνψλ

])
= ∂µ

[
e
(
ε̄ζµ
)]
, (13)

whereζµ functionally depends on the gravitino fieldψµ.

We now propose a modification of (8) by replacing the standardmeasure density
e =
√−g by the alternative measure density¶(ϕ) (1):

SmSG =
1

2κ2

∫
d4x¶(ϕ)

[
R(ω, e)− ψ̄µγµνλDνψλ+

εµνκλ

3! e
∂µHνκλ

]
, (14)

where a new term containing the field-strength of a 3-index antisymmetric ten-
sor gauge fieldHνκλ has been added. Note that its inclusion in the standard
supergravity action (8) would yield a purely topological (total divergence) term
like in the case of modified-measure (super)string [5] (cf. Eq. (6)).

The equations of motion w.r.t.Hνκλ and the “measure” scalarsϕi read:

∂µ

(Φ(ϕ)

e

)
= 0 → Φ(ϕ)

e
≡ χ = const , (15)

R(ω, e)− ψ̄µγµνλDνψλ +
εµνκλ

3! e
∂µHνκλ = 2M , (16)

whereM is an arbitrary integration constant.

Now it is straightforward to check that the modified-measuresupergravity action
(14) is invariant under local supersymmetry transformations (13) supplemented
by the transformation laws forHµνλ andΦ(ϕ):

δǫHµνλ = −e εµνλκ
(
ε̄ζκ
)

, δǫΦ(ϕ) =
Φ(ϕ)

e
δǫe , (17)

which algebraically close on-shell,i.e., when Eq. (15) is imposed.

The role ofHνκλ in the modified-measure action (14) is to absorb, under local
supersymmetry transformation, the total derivative term coming from (13), so
as to insure local supersymmetry invariance of (14) – this isa generalization of

125



E. Guendelman, A. Kaganovich, E. Nissimov, S. Pacheva

the formalism used in Ref. [5] to write down a modified-measure extension of
the standard Green-Schwarz world-sheet action of space-time supersymmetric
strings. Similar approach has also been employed in Refs. [7,8].

Let us particularly stress that the appearance of the integration constantM in
(16) signifies aspontaneous (dynamical) breaking of supersymmetryand, simul-
taneously, it represents adynamically generated cosmological constantin the
pertinent gravitational equations of motion. Indeed, varying (14) w.r.t.eaµ:

ebνRabµν −
1

2
ψ̄µγ

aνλDνψλ +
1

2
ψ̄νγ

aνλDµψλ +
1

2
ψ̄λγ

aνλDνψµ

+
eaµ
2

εµνκλ

3! e
∂µHνκλ = 0 (18)

and using Eq. (16) to replace the lastH-term on the l.h.s. of (18) we obtain the
vierbein analogues of the Einstein equations including a dynamically generated
floatingcosmological constant termeaµM :

ebνRabµν −
1

2
eaµR(ω, e) + eaµM = κ2T aµ ,

κ2T aµ ≡
1

2
ψ̄µγ

aνλDνψλ −
1

2
eaµψ̄ργ

ρνλDνψλ

− 1

2
ψ̄νγ

aνλDµψλ −
1

2
ψ̄λγ

aνλDνψµ .

(19)
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